GIAO TRINH TOAN CAO CAP A2

CHUONG II: TiCH PHAN BOI
§1. Tich phan kép
|. PINH NGHIA VA CAC TINH CHAT
|1 Pinhpghia |
Cho ham f(x,y) xac dinh trong mién déng, bi chan D. Chiamién D thanh n manh roi

nhau Dy, Dy, .., D c6 dién tich 1an lugt 1A A § 4 $,.., 4 S, Trong mdi manh D; , lay
tuy y mot diem M;(X;, vi). Lap tong (goi la tong tich phan ctia ham f(X,y))

S = DS (3.7 A5,

iml
Goi d(Dy) 1a khoang cach 16n nhét giita hai diém trong D;. Néu ton tai gigi han

im S, = lm S,=5

PP w41 1} >0

hiru han, khong phu thudc V?.O cach chia mién D va cach chon diém Mi(x;,yi), thi I}ém
f(X,y) goi 1a kha tich trén mién D, va Sgoi 1a tich phan kép ctia ham f(x,y) trén mién D,
ky hi¢u

L[f (x, y)ds

Néu f(x,y) kha tich trén mién D, thi tich phan kép khong phu thudc vao cach chia mién
D. Do d¢, ta chia mién D bdi cac duong thang song song vai cac truc toa do. Khi do,
AS=AX.AyvadS=dx.dy

Vi vay c6 thé viét

[ Ge)ds = [ [ (x.5)dxdy

Nguoi ta chimg minh duge rang: Ham f(x,y) lién tuc trén mot mién dong, bi chan D
thi kha tich trén mién do.

Tinh chét:

S = (D)
a) Iﬂ[

(dién tich cua D)
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GIAO TRINH TOAN CAO CAP A2

F (xS = C.[[f(x.y)dS
e
5 J)U(x,y) +g(x,y) Qs = L[f(x,y)d3+ L[g(x,y)cfS

d) Néu D = D1 D;, Dy,,D, = ® thi

L[f (x,y)dS = )Ljf (z, y)dS + )Ljf (x.p)ds

L[f (x,y)dS £ L[g(x,y)dﬁ‘

f) Néu m < f(x,y) <M V (x,y) € D, mva M Ia hang s, thi
mS(D) < L[f (x, y)dS < M S(D)

e) Néu f(x,y) <g(xy) v (xy)e D thi

g) Néu f(x,y) lién tuc trén mién déng, bi chin D thi ton tai diém

_L[f(x,y)dg =gy ) A (D)
M (Xo,Yo) sa0 cho
(Dinh 1y vé gia tri trung binh).

1
Mgf‘(x:}’)ffg

bai lugng goi la gia tri trung binh ctia ham f(X,y)

trén D.

| 2. Y nghia hinh hoc

Taxét bai toan: " Tim thé tich ctia vat thé Q gidi han dudi boi mién D (Oxy), gidi
han trén boi mat cong c¢6 phuong trinh z = f(x,y) > 0 va gidi han xung quanh boi mat
tru c6 duong sinh song song véi Oz va duong chuén la biéncua D ".

Z

VI
-

% C__—_ i (i, )

Tatinh thé tich ctia Q bang phuong phap gan dung.
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Chiamién D thanh n méanh roi nhau Dy,Dy,..,Dn €6 dién tich A S, A $,..,A S, Lay
mMoi manh nho 1am day, dung hinh tru con c6 dudng sinh song song védi Oz, mét phia
trén gidi han boi mat z = f(x,y).

Xét hinh tru con thur i: day la D;, Léy tuy y 1 diém M;(x;,y;). taco thé tich hinh tru con
thtr i

AV, =f(X V)48

Thé tich gan ding ctia Q :

V(S ~ D £ (m.00).45

iml
Phép xap xi nay cang chinh xac néu n cang 16n va cac manh D; c6 duong kinh cang

nho ( d(D;): duong kinh cta D; )

v (9] =m?{grigmgﬂx,-,y,-m3i - L[ﬂx’y}dg

II. CACH TINH TiCH PHAN KEP

| 1. Pwa vé tich phan lip

Néy D= {(x0) a <x <hm() <y <y
bomin)

L[f (x.y)drdy = [dr Jf (x,y)dy

T

a
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b4
o]
d gy
L[f (%, Y)dxdy = jcfy Jf (x.p)dx
Néw P =l e Sy im0 2 <m0y 5 L)

L[f (x.y)dxdy ‘
Vi du 1: Xéc dinh cén cua tich phan v61 mién D xac dinh boi cac

duong

y=0,y=x,x=2
y=0,y=x,x+y=2
C6 hai cach biéu dién D:
D={(x.y):04x <20 y<x)
hoac
D={{xy: 0{y<2y<x<2)
4 ¥ 4 4
’ L[f (x,y)dxdy = det[f (x,y)dy = dejf (x,))dx
Do d6 ¥
C6 2 céach biéu dién D:
D={xy) 0¢y<tfy <x<2-y)

i} -y

L[f (x,y)dxdy = de J[f (x, y)dx
¥
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D=D,uD, ={(x,)): 0¢x L0 <y < 2 u{(x)) 1< 2 €20 y < 2 -}

1 #t 1 2-x

L[f (x,y)dxdy = de][f (x,y)dy + Ici'x Jf (x, y)dy

i= nydxdy
Vi du 2: Tinh , D gi6i han boi cac dudng y = x—4, y* = 2x

Giai: Hoanh d6 giao diém:

_ x=2 =-2
2x=(x-4 o x-1x+16=-0 =
=3 y=4

Do d6, mién D dugc biéu dién

Viay
4 pd 4 o |F=prd
I=|dv |xydx= ||y — Ly
I [ 177
T 2
14 e 1{y* 8y ML %
il | B L e e e
LA 4 21 4 3 24

2. D6i bién trong tich phan kép

a. Poi bién tong quat
Gia st X = X(u,v), y = y(u,v) | hai ham c6 dao ham riéng lién tuc trén mién
d6ng. bi chin Dy Goi D = (B x = 5@.v)y =y, @) € D,

Néu f(x,y) kha tich trén Dyy va dinh thirc Jacobi

ER:
D0 [an g
Dy) |& &
oz &l tran Dy, thi ta c6
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2[‘I‘f(x, Vidxdy = l“f(x(u,v},y(u,v}}. | JJ| dudv
deciy
Vidu 3: Tinh véi D gidi han boi cac duong

y=l-xy=2-xy=2x-ly=2x-3

Gii: Cic duong thing viétlsi ¥ *¥ ~Lxty=22x-y=12x-y =3

it Jip— v
x= M=
batu=x+y,v=2x-ythi < .
DG L h vy 1<u <21 <v <3
Dz, v) 3

cdxcdy = ldudv=lgdu3dv=g
Ay‘l‘;’l‘ g L!‘B BI Ir 3

b. Tich phan kép trong toa [ cuc

Cong thure lién hé toa do

X = I.COS@

y=r.sing
Taco:

_D(xy)_fose ~rengl_

Dlu,v) |sing rcose

ljf (x, Mdxdy = l“f r cos @, 7 sin @ rdrd @

Do vay:
dxdy

Vidu 4: Tinh HI“-'4 7= , V&i D gidi han boi: (x —1)2 +y*<1,y>0
Giai:
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0< @<l
RO rang 2

Thay x = rcosp , y = rsing vao (x —1)? + y?= 1, taduoc r = 2cos@

Vay
Do do:
% doosp %
= I’"‘M‘? =Ja!’1;p J rr =2J[1—sﬁ1¢pjldqv=rr—2
afd = 2 fd =2

i= ”e"‘l"'ldxdy
i

Vi du 5: Tinh v6i D 14 hinh tron x2 + y* < R,

Giai: Chuyén sang hé toa do cuc, ta c6:
D, ={r.e)0ipi280<r < R
Do do:

l; =J‘E(1_E_Ri)

R
I= I[J‘e'rirdrdqp = Tl‘dqp}]‘e'ﬁ rer = 23‘:[— %e'ﬁ ]

BAI TAP
1 -Tinh céac tich phan kép

) 11(4 -x )dydx

mehy
J Je ¥ dxdy
b)

4x

T”‘x sin vahvdx
c)
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5 ®dxd
) Tl‘J‘ye xely

2-Tinh céc tich phan kép
pr + 2lebxdy
a) ,D:0<x<2;x°<y<2x

’ LI( - 6xy2}ixciy

5 L[yhl xdxdy

,D:0<x<2,-1<y<1

,Dixy=1y= "'G;XZZ
3- D6i thir ty bién 1y tich phan

14-2x

Flx,y ldvdx
a)t[f[ ey

e
o 1 707

llf[x, :k;t'm’
C)JJE ¥ Mxdy

1 1+“|'l—?
[/ (x.y)axdy
d) " 2

4- Tinh cac tinh phan

ele"vldxdy
d)'g ,D:J’=“‘”_xj;y:0
Jchixdy B
o) Dry=x; FTNETY .y =0
edxdy

f) ‘I;TI‘»\”‘FXQ +}32 ,D: X2+y2S1

2 2 1 2
JJ\ll—x—z—y—zdxdy LEPPANY
0) a” b . D;a’ b ‘a,b>0
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in A% +y" z’
‘[yljxﬁ [y x2+y2=—;x2+y2=frz
h) Y

,D: 4

oo

i) Diy=x+1y=x-3 309 3
5-Tinh dién tich mién D gi¢i han boi

)Dry=x5y=x+2

K)D:y?=x;y =2x —X°

=22 e gy

mD:y=2y=-2x;y=4

§2 Tich phan bi 3
|. PINH NGHIA VA TINH CHAT
1 piphnghia
Cho ham s6 f (X,y,2) Xac dinh trong mién déng, gii ndi Q ciia khong gian Oxyz.

Chiamién Q thanh n mién nho c6 thé tich 1A A V4,...,A V. Léy tuy y mot diém
Mi(xi,yi,z) trong mién nho thur i.

Lap tong
L= flx.pm.z )0,
inl
, lim 7, = lim 7, = 7 ‘
Néu gidi han *#+= m=d=0 - hipy han, khong phu thudc vao cach chia mién Q ,

va M;, thi £ (X,y,2) goi 1a kha tich trén mién Q , va I goi 1a tich phan bdi 3 ctia ham f
trén Q , ky hiéu

IJF[x,y,z)ciV

Tuong tu nhu tich phan kép, ta ky hi¢u dxdydz thay cho dV va tich phan bdi 3 thuong
viét
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Chua y: Néu f (x,y,2) = 1thi

GIAO TRINH TOAN CAO CAP A2

J:)“:f [x, y,zjk:t‘xciy.:fz

I J Fxciyciz = (&)

(thé tich cia Q).

| 2. Tinh chat

IJFf[x,y,z}iV = CIJF[x,y,Z}iV

L[ﬁf + gJdv’ =IdeV+IJIng

=00, M, = ‘Eithi ‘L‘[ﬁdV i ‘L‘[‘[de ! ‘L‘[‘I}dV
ffai‘V ZJ‘J‘J‘ng

«Néu £ (x,y,2) > g(x,y,2) V (x,y,2) € Q thi ‘U

= Néu

= Néu f (X,y,2) lién tuc trong mién dong, bi chan Q thi tdn tai diém (X0,Y0,20) €
Q sao cho

f[xns}’n :Zn) = ﬁ“‘]f{x,xz)d?’

(Dinh 1y vé gia tri trung binh)

Il. CACH TINH TiCH PHAN B§I 3

Cho Q

Khi do

hé toa [0 Descartes

Qi6i han boi:
= Mit trén: z = ¢ 2(X,Y)
= Mit dudi: z =@ 1(X,y)
= Xung quanh: mat tru c6 duong sinh song song voi truc Oz va duong

chudn 12 bién cua mién D thudc mit phang Oxy. (D 1 hinh chiéu cua
Q xudng mit phang Oxy).

Pg':x-."'J

Iﬁ[ﬁ(x,y,z}dxdydz = JJ{ Fix v, z)dz]cfxa’y

R lxp]
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Néumion D =& )2 $x <bypn(x) <y Sy
A Wyix) vy
ij(x,y,z)dxdydz = Ia!’x dv | fix v 2)dz
n

a il Ry

Vi du 1: Cho mién Q gi6i han boi cac mat: x=0,y=0,z=0,x +y+2z=2.

I= IJP(X, v, Z)dxdvdz
Viét tich phan boi 3

theo cac thur tu :

a). dxdydz
b). dxdzdy
c). dydzdx

Giai:

a). Hinh chiéu cia Q xuéng mit phang Oxy la mién

Dy={xy 04x<20<y<2-x}

X
z=1-—
Gi6i han trén cia Q: 2

(SRR

Gi6i han dudi cia Q: Z=10

Vay:
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LS
2 -x 2 2

i= de de Jf(x,y,z}dz
b). Hinh chiéu ciia Q xudng mit phang Oxz la mién
x
o, ={(x,z]|: DLxi2 Uizil—g}

Gi6i han trén cia Q: ¥~ 0-x-2z

Gi6i han dudi cia Q: &~ 0
Vay:
PR i T
I= J‘a"x sz Jf(x,y,z)dy
¢). Hinh chiéu Q cia xudng mit phang Oyz la

D3=[(Y-Z)3D5yi:2;ﬂ£z£1—%]

Gidi han trén cia Q la : x = 2-y-2z

Gigi han dudiciaQla:x=0

Vay
1 -
i= J‘dy sz Jf(x,y,z)dx
= I_dexdyciz
Vidu 2: Tinh i , O |a mién gidi han béi cac mit:
z=x+y%z2=4,x=0,y=0.
Giai
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1

Hinh chiéu ctia mién Q xuéng mat phang Oxy 1a % hinh tron :

Dy= [(y,zjzni:yi:z;ni:yi x|'4—x2J

Mat trén cua Q: z=4,

Mat dudi cua Q: z=x>+y?.

Vay:
2 it =4
i= de de xdz de T[ =x2 by v
PR — 2
de Tl‘(dlx = xviidy = J(4xy x y—?yz:,L“l_ Dx dx
2

0 x4 -2 iax = &4

3 15

| 2. Tinh tich phan bdi 3 trong hé toa [§ tru
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Toa do try cua diém M(x,y,z) 12 b6 ba s6 (r,0,2), Vi (r,0) 13 toa d cuc cta hinh chiéu
cua M xuong mat phang Oxy (Hinh v¢)

Taludn co: r > 0; 0< ¢ <2m; -00<z<+c0.

Mdi lién hé gilia toa dg Descartes va toa do try

X =T COSp
y =rsne
z=2

Taco:

_[Uf (¥, 2)dndvdz = _[U Flrsm @, rsin @,2) rdrd molz
& i

I= mtxﬂ + vy \dxdvdz

Vi du 3: Tinh voi Q 1a mién giGi han boi z = x*+y% z = 4

Giai:

Hinh chiéu cua Q xudng mat phang Oxy 1a hinh tron x*+y? < 4
Chuyén sang toa do tru

X=rFconp y=reng, 2=z
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Qgiéihanbé‘i:oS(p<2n;0§r52;r2§z§4.

. ; IR
= ‘U‘f“ redrd iz = Jd@lr cz’r;[dz =

| 3. Tinh tich phan bdi 3 trong hé toa [ ciu

Toa d6 cau ciia mot diém M(x,y,z) labd 3 sb (r,0,0), voi r=0M, 0 la goc gilra truc

Oz va OM ¢ la goc gitra truc Ox va oM’ , V&1 M’ 14 hinh chiéu cua M xudng mit
phang Oxy.

Taco: Vi moi diém M trong khong gian thir>0; 0<0<m; 0< ¢ <2x
M6i lién hé gilia toa d9 Descartes va toa do cau:

X =1 8N cose

y =1 sino sine

Z=rcosh

Cong thtic tich phan trong hé toa do cau

J'ﬁ”'f (x, v. 2 dxdvdz

= IJF(r sin &cos @, rsin Gsin @7 cos & r? sin &ird 8@

I= J‘J‘J{xz + 3% + 2\ dxdvdz
Vidu 1: Tinh V6i Q 12 mién gi6i han boi hai mat cau
XHy+7° = 1, Xo+yP+72 = 4,

I= L”r“sm grird gl

Chuyén sang hé toa do cau, ta co:
Mién Q x4c dinh béi 1 <r<2;0<0<m 0<¢<2n.

Vay:

I= Td.—,{[sm .gfd.gfr}r"dr = %
i} i} 1

43 Seu tam by hoangly85



GIAO TRINH TOAN CAO CAP A2

i= ‘U‘J}.'xz +v? + 2 drdvdz

Vi du 4: Tinh voi Q 13 mién gi6i han boi x°+y*+2°< z.

Chuyén sang h¢ toan do clu ta co:

I= L”ﬁ sity giird gt

T
Mién Q xac dinh boi 0 <r<cosf; 0<0< 2;0<¢p<2m.
Vay:

T
o cosg

I= Td.;p_z[dgﬁ J'r3 sin gidr =
0 ]

z
: 10

§3 Ung dung ciia tich phan bdi
|. UNG DUNG HINH HQC
|1 Tinhdién tich hinhphing

Dién tich cia mién D trong mit phang Oxy

Sy = JJcixciy

| 2. Thé tich vat thé

Vit thé Q trong khong gian Oxyz la:

- | J [ixdvaz

Néu Q gi6i han trén boi mat z = f2(X,y) , gidi han dudi bai mit z = fy(X,y) va giéi han
xung quanh bdi mat try ¢6 duong sinh song song vai Oz va ¢6 duong chuan 1a bién
cua mién D trong mat phang Oxy thi

V(g2) = Lﬂfg{x,y) ~ fi(x, ) Hxdy

, , o P , > xt et <. A
Vi du 1: Tinh thé tich phan hinh nén Z2ENE Y ndm trong mét cau x2+y2+Z2 =4

Giai:
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. TR , > xt X A
Goi Q 12 vat thé hinh nén © = ~* ™Y nim trong hinh cau xz+y2+z2 <4

@)= J [indyaz

Chuyén sang hé toa do cau thi

Vg = IJF sin gird gl

T
Mién gi¢i han boi 0<r<2;0<0< 4;0<¢ <2nm.

Vay

[

2 4 2 3
s = Id@jdgﬁjrz sin ghdr = %(2 ~f2)(dvts)
] 0 ]

Vi du 2: Tinh thé tich hinh ciu c6 ban kinh R

Giai:

Taco thé tich hinh cau hinh cau

@)= J [indyaz

Hinh cau Q: xz+y2+z2 <R?
Chuyén sang hé toa do cau thi

V5 = L”rﬂ sin ghird gl

Vamién Q:0<r<R,0<0<m 0<¢<2n

Vay:
I-= ﬁ”dqu‘:defrﬂ sin Gr = ﬁ”d@.fsm &mﬁrﬂ
= 2. (~cos) [;.’"—33 3 =%ER3(d‘v.ﬁz}
I1. UNG DUNG CO HQC

45
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| 1. Tinh khdi lwong

a Khbi lugng cua vat thé Q c¢6 khdi luong riéng tai diém M(x, v, z) 1a f(x, y,
z) thi:

miid) = J‘J‘ff(x,y,z)dxdydz

b. Néu ban phang D trong mit phang Oxy va ¢ khdi lugng riéng 1a f(x, y) thi

misd) = ‘L[f (x, y)dxdy

2. Momem quan tinh ciia vat thé Q véi khoi luong

I = J‘J‘J{yz + 28 o x, . 2)dx ez

C. truc Ox:

I = J‘J‘Fx:‘ +z4) plx, v, 2 )dxdvdz
d. truc Oy:

= L[J(x:‘ + ¥ p(x,y, 2)dxdydz
e. truc Oz:

» i = IJIWE (x,v.2) ol x, v, 2 dxdyvdz
f. duong thang L:

tir diém M(x, y, z) dén L

, I(X, Y, 2) la khoang cach

i olx, v, 2)drdvdz
g. Mat Oxy: v IJF

fe= * o(x, y.2)dxdvdz
h. Mat Oxz: IJP

Ie= J‘J‘J‘xz 2l x. v, 2idxdvdz
i. Mat Oyz:

I, = J‘ﬁl‘f;{2 +y* + 2 ol x, v, 2 )dxdvez
j. Gbc toa do:

3. Momen tinh ciia Q véi khoi lwong ri

M, = ‘I‘J‘Pp(x, v,z dxdvdz
a) Mt Oxy:
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M, = ol x, v, 2 dx vz
b) Mat Oxz: ‘U P’

M, = IJPp(x,y,z}dxdydz

c) Mt Oyz:

BAI TAP

‘U‘Fl - x = Yidxdydz

1- Tinh Vo1 Q

a)gidihanbdi0<x<1;1<y<2;2<z<3.
b) gidi han boi cac mat: x +y+z=1;x=0,y=0,z=0.

2-Tinh:

) J‘J‘P{dxdydz
) IJdedydz

3- Tinh:

) IJFdxdydz

2+ + 2 drdvdz
N

,Q:z=x*+y% z=4,x=0,y =0 (liy trong mién x > 0, y > 0).

L Qy=x3y+z=12z=0.

LQz=x+y X2 +y?P=4,2=0.

L Q:x*+7=1,y=0,y=1.

| L“(f + v +1) drdvesz —
C

LQ ETARIYT o2

9 Ijﬁﬂdxdydz

, Q: goc phan tam thir nhat cta khoi cau don vi.

€) IJFdXdde,Q:x2+yz+22=2; 27 \,x2+y2 .
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L“(yﬂ + 2%V dxdydz
) ,Q:X2+y2+ZZSR2,XSO.

4-Tinh thé tich vat gidi han boi:

aQ)z=x*+3y%z=8-x*—y?

b) y + 2= 2; x = 4—y? cic mit phing toa dd ndm trong goc phan tam tht nhat
Q) X2+y?+72=2z, x> +y* =7
d) z=4 - x*—y? cic mit phing toa d6 nim trong goc phan tam thir nhAt.

5- Tinh momen quan tinh ddi véi cac truc Ox, Oy, Oz ctia khéi chir nhat déng chat Q:

a) Tim toa d§ trong tam cua vat thé déng chét gid1 han boi cac mat z =0, X2+
2,2
Yy +z =4,

b) Tim toa do trong tdm cua nura hinh cau x% + y +72<a%z2>0 neu khéi
lwong riéng tai mdi diém ty 18 voi khoang cach tir diém d6 dén gdc toa do.
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CHUONG III: TICH PHAN PUONG VA TiCH PHAN MAT
|. TICH PHAN PUONG LOAI MOQT

Cho ham f(M) x4c dinh trén cung AB. Chia cung 45 th anh n phan tuy ¥ boi cac diém
A= AQ <Ai1<...... < An =B. Bat Ali la d0 dai cung AiAi_; va trén cung AiAi; Iéy
mot diem Mituy y,i=1,2, ..., n.

Vi1

L )

(Hinh 1.1)

n—1
S, = P AL
Lap tong : =

Néu Sn c6 gidi han hitu han I khi n — oo sao cho max{ Ali} — 0va i khong phu
thudc vao cach chia cac cung AiAi.; va cach chon cac Mi, thi I dugc goi 1a tich phan

duong loai 1 cuaf(M) trén cung £E va duge ky hiéu la:

I (ML
ie

49 Seu tam by hoangly85



GIAO TRINH TOAN CAO CAP A2

n-1
[EQ@Dd = fim gt‘miwi
LR
Khi d6 ta n6i f(M) la kha tich trén cung AB.

Néu cung £B thudc mit phang xy va f 1a ham theo 2 bién f(x,y) thi dung ky hiéu :
£y dl

LAE

JE=.v.zxa
Trong khong gian xyz, f'la ham f(x,y,z ) thi dung ky hi¢u 4=

@Y nghia thue té:

Xem 1 day vét chat hinh dang L va c6 mét do khéi luong 1a f(M) phu thudc vao diém
M trén day, thi khoi lugng cua day vat chat 1a :

Tich phan duong loai 1 ¢o nhiéu ung dung thuc té, duoc trinh bay ¢ muc 1.8

M =m (AR = J'f(M;l dl

LAE

| 2. Dinh Iy ton tai

Néu ham f(M) lién tuc doc theo cung tron £B thi tich phan duong loai 1 tdn tai.

| 3. Cac tinh chit

©Tich phan duong loai 1 khong phu thudc hudng cua cung, nghia
IE(M} dl = j'fl;M) dl

la: 4B Ea

©Néu f, g kha tich trén cung AB va k 1 hing s thi kfg ciing kha tich va :
I{kt“ +g3dl =1-;_[f‘d1 + jgd;l

LAF LAE AE

©Néu f kha tich trén AB va C 1a 1 diém trén cung AB
J(M)ou = J‘E(M)dl + IF(LJ)dI
thi: & AL CE

_[f (MDdl 20
©Néu f(M) > 0 kha tich trén AB thi : &8
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©Néu f kha tich trén trén AB thi IEEIcﬁng kha tich trén AB

J‘E(M)cu

AR

< IE (20| <l
va: 82
oL vu ¥: Néu cung AB tron timg khuc (nghia 1a cung AB c6 thé chia thanh 1 sb hiru

han cung tron) va f(M) lién tuc trén cung AB thi dinh ly tdn tai va cac tinh chit néu
trén van dung.

€ gia tri trung

Néu f(M) liéan tuc trén cung tron AB c6 d¢ dai L. Khi do ton tai diém M thudc cung
J (e +2)dl =F() L
AB thoa : 4B

| 5. Con ! loai 1 trén mit phing
a) Cung 4B c6 phwong trinh tham s :

Cho ham s6 f(x,y) lién tyc trén cung tron £B | va cung LB ¢6 phuong trinh
tham s :

=%t
v =v(t], aitia

Chia[a,b] thanh n doan boi cac diém:
a=to<tu<...<tn=b.

Khi d6 cung AB dugc chia trong tng thanh n cung bdi cac diém Ak(x(tk),
y(tk)), k=0,1,2....,n. Theo dinh 1y gia tri trung binh ta c6 :

H
By = [ +y ()7 de=ofx' () +3'(0)? 2,
k=0

Lay diém giita Mk(x(tk), y(tk)) thi c6 tong tich phan:

-1
Sa= > FOMAL = > Flx(nn), y(h)) = (1) +3'(00)7 A,
L=
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V& phai 14 tong tich phan xac dinh, khi qua giéi han, ta duoc:

b
[EQDA =[£G, y() () +5" () ¥l
AR a

b) Cung 4E cé phwong trinh: y = y(x), a<x<b:

Khi d6 tir cong thirc trén, ta o :

L)
Jf (. 3)dl= (=, y(zD 1+ y' ()7 dx
AE a

¢) Cung AB c6 phuong trinh toa [§ cuc

r=ripl,eipil

{x =t i) cosg

¥=1(p)sin @, o Ll f
Néu xem ¢ la tham sb, ta c6 :

x5 4y =r(p)? +r' (@)

B
Jf(u)dl = [flrlplcose.r(@)sin ») r¥ () +1' ()" dl
4 e

6. Cong thirc tinh tich phan [irong loai 1 trong

Cho ham sé f(x,y, z) lién tuc trén cung tron AB trong khong gian. Cung ABco
phuong trinh tham so :

x=x(t),v=v(t), z=z(t), a£tsb

Hoan toan twong tu nhu phan 1.5.a, ta co:

b
Jf(X,F,ZJdl=If(X(t), gL 2E)E ()7 + ¥ (0 + () d
AR a

| 7. Céc thi du
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fi= +50dl
a) Thidu 1: Tinh € Vi C la duong cac canh tam giac cé dinh O(0,0),
A(lao)! B(O!l)

0 A X

(Hinh 1.2)

[ -]~

Taco: © 0a

I

ED

&
+

Trén ﬁ: y=0, dl = dx nén:

a[ﬂ{x + y}dl=j‘xdx =é

Trén @: x=0, dl = dy nén:
! 1
(z+yidl= [(x+yidy=[vdv=—
| | &2

Trén E: y=1-X
1+ v (2 de =-/2dx

5 Zglix +F)dl=ﬁx[dx =2

J‘{X+y}dl=l+l+ﬂ,-'2 =1+J§
A 2 2
Vay :
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[y

b) Thi du 2: Tinh Vi C la duong cong c6 phuong trinh:

=+ Fz = o
Sir dung toa d6 cuc:

E=rig) cos
() - © :}X2+j‘2=r2
¥ =rig)sm g

9
L[«fo* +yide= f&.dr%@ +r'% () dp
~

2a’

Ja® cos qc;-.q.-'{a_zd@ = az[sin @]5

b2 W

mlla'_a B2 W

I z3dl
C) Thi du 3: Tinh 4B Véi cung £B ¢6 phuong trinh: x = acost , y = asint, z= bt ,
0<t<3

Cal

Xem t 1a tham sb, ta o :

3
J‘zzdl =t|‘1::u1:2~\|{a:4 sin‘t+a’cost t+b? dt
AE

3
=b?.a? +b? Jtﬂdt =9b? .fa? +b?
d) Thi du 4:

sl
Tinh J Vv6i duong L 1a phan trong goc toa do thir nhét cia giao tuyén
gitra mat Paraboloid elliptic c6 phuong trinh z= 2- X2—2y2 va mat tru parabolic
z = x*tr diém (0,1,0) dén (1,0,1)

Dung tham s6 t=x , thi ta ¢6 :
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Vi L nam trong goc toa do thir nhat, nén ta dugc phuong trinh tham s6 sau:

Z=tv=-ll-t", 2=t 0=t=1

Do d6 :

dl = f=2 ity + 32 (o + 22 dl

t2 A1+ at? —at
o= ————dl

+4t<dl

1+1¢? J1-1t2

nyds Ji x.-'{— Nﬁ?

1 1
=T]‘M1+4.f,2 - et s =J‘z 2-(26% - TPae

1
=%‘[m"2—u2du (=26 -1

Jsz—_——(—+—)— *

cua tich

a). Khdi lwong 1 cung:

Gia sir cung vat chat chiéu dai L ¢6 khéi lugng riéng phu thudc diém M trén
day cung 1a & (M). Khi d6 véi 1 cung nho AiAisg, €6 :
m(A A ) #EMOIA; +A,) = (M)Al

n-1
m{AB) = > S0
Vay: i

Qua giodi han ta duoc :

I =miABY > _[acu

AE

b). Moment tinh (moment thu nhAt), tr ong tim cung phing :

Cho 1 cung phiang £B thudc mit phang xy, c¢6 khdi luong riéng phu thude
diém M(x,y) trén day cung 1a & (x,y). Theo dinh nghia moment trong co hoc,
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ta co cong thirc moment ciia cung LB ddi véi truc Ox 1a Mx va dbi véi truc Oy
laMy la:

= [ydGz.3dl, M, = [=8(x, y)d

LE

Tur do trong tam khdi lugng ctia cung AB duoc xac dinh bai:

_ 1
My 1 s dl
il vk v RS
A
- M, 1
x = s, vdl
V=94 T JFOEY
A

Néu cung £B |3 dong chét, 8 (x,y) = hang s6 , thi : M=§ .L (L la chiéu dai
cung AB), va toa d¢ trong tam s€ la :

§=%del . §=%Iydl
iB iB

Ciing nh¢ rang : khi cung £B khong cit truc Ox va quay quanh truc Ox thi
dién tich mat tron xoay do cung phang do tao ra la :

S=2x_|-3rd1

£B
Tu cong thic toa dJ trong tadm, co:

S =2ayL

- =
hay ¥ = o

Thi du 5: Tim trong tdm cuia nura trén vong tron tdm O ban kinh R.

Giai: Xét nira vong tron AB tim 0. Do tinh dbi xtmg nén trong tAm (x,y) phai

nam trén truc Oy (¥ = 0 ). Khi ntra vong tron AB quay quanh truc Ox ta dugc
qua cau co6 dién tich mat cau la: S =4x R? va d6 dai ntra cung tron ABlaL =
1 R. Vay trong tdm c6 tung dd 1a :

g _4=R® _ 2R

2wl Zwwl i

¥ =

). Moment tinh (moment thir nhit), trong tAim cung trong khong gian:
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Néu cung AB trong khong gian véi khéi lugng riéng 1a & (x,y,2) thi tuong tu
truong hop phang ta c6 khdi lugng cung va cac moment tinh cung AB ddi voi
cac mat toa do x0y, x0z, y0z la :

M= Iﬁ(x,y,z)df
AE

M, = Izﬁ(x,y}df, M, = Ixﬁ(x,y)df, M, = Iyﬁ(x,y}df
A5 Ak

AR

Va trong tam khéi luong ctia cung LB ¢6 cong thic :

- M - -
SM, oM, oM,
it I

it}

Néu cung AB ddng chat (8 =hang s6) thi M=aL;

§=%de1, y=%lydl, E=%Izdl
4B P 4B

Thi du 6: Cho nira vong tron bang thép dit trong mit phang yOZ c6 phuong
trinh y? + 22 = 1, z> 0. Biét khdi luong riéng 1a @ (X,y,z) = 2 — z. Hay tim khéi
lwgng va trong tdm cta nira vong tron do.

| / -‘1 v
X

(Hinh 1.3)
Do nira vong tron nam trong mat phang yz, nén trong tam c6 x= 0. Ngoai ra do
d6i xtng va co khoi lugng phan b6 d6i ximg d6i qua truc Oz nén trong tAm ¢

y=0. Phuong trinh tham s6 ctia ntra vong tron 1a : x=0 ,y =cost,z=sint, 0
<t<nm

Vay:
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dl= eyt erd = J0" +ain?t +cost tdt= dt

M = JE(X,y,z)dl - L[a(z ~z)dl = Ja(z ~sin t)dl

=2w-2

p B-m

M,, = Jzﬁ{x,y, z)dl =Jz(2 -z)dl = T]‘siﬂ t(2 — sin t)dt = 1

MW_S—?E
%

=z =

da -4

d). Moment quan tinh (moment thir hai)

Taco cong thire moment quén tinh cung £B vai khéi lugng riéng & (x,y,2) ddi
V01 cac truc toa do 1a :

I, = I(y” +z8y8(x, v, z)dl
LR

I, = I{X2-+22)3(X,y,z)dl
LE

L. = ?[(XQ + )&z, ¥, z)dl
AR

Tong quat, moment quan tinh d6i vdi duong thang A duoc tinh bai :
I, = [ri=.v. 2080z v, 20d

LE

Vi 1(x,y,z) : khoang cach tir diém M(X,y,z) dén duong thang A

Khi cung 4B |a cung phang ta c6 cac khai niém va cong thirc twong tu.

€). Dién tich mit tru

Cho mdt cung L’ trong khong gian véi z > 0 ¢6 hinh chiéu vudng gbc xudng

mat phang x0y la cung£B Xem mit tru voi duong sinh song song truc 0z,
duong chuan CD gié1 han trén cung CD, gi6i han dudi boi cung AB, gi6i han
2 bén boi cac duong thang AC, BD
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(Hinh 1.4)

Gia st cung CD c¢6 phuong trinh z = f(M),Me AB

Chiacung AB thanh n phﬁn boi cac diém A=Ao, Ay, ...... ,An=B

Khi d6 mat try ciing dugc chia tuong g thanh n mat try nho, va mat try thu i
Véi day la cung AiAi.; €6 dién tich dugc tinh gan daung dién tich hinh chir nhat

co day 1a A ; = AiAi4 chidu cao f(MK), vi Mk € AiAila Si= A x f(Mi).

Khi d6 dién tich mit try c6 dién tich tinh gan dung la:
n—1
S~ > L ()AL
1=

S = J'fm)dl

Qua gidi han, ta co: AR

Thi du 7: Tinh dién tich phin mat try x* + y? = R nim giira mat z= 0 va
=
z=2F ¢ gocx>0,y>0.

Y
Giai: Do mat try gi6i han trén boi dudng cong z = 2R | gi6i han duédi bsi Y4
vong tron X2+ y2 = R? trong mat phang xy, nén n6 c6 phuong trinh : X= Rcos
t,y=Rsint,0<t<mn/2

S= [f(Ddl = [ 4
vy ) [zx

Taco:
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dl =zt +yidi = R¥sin Pt + R cos’t dr=Rd

2 3
oo JR cost B sm ert=RT

I1. TICH PHAN PUONG LOAI HAI

1. Pinh nghia tich phan [wong loai hai trong mit phing

Cho 2 ham P(x,y), Q(x,y) xac dinh trén cung 4B thugc mit phang xy. Chia cung 4B
th anh n phan tiy y boi cac diém A =Ao <A1 <...... < An =B, véi Ai(xi,yi) Trén
mdi cung AiAi.g 1dy mot diém Mi (xi, yi) thy ¥, vai=1,2, ..., nva dat AXi = X j+1—
Xi, Ayl =yiqg —Yyi

-1 _ _
S = S PG T A+ QL T
Lap tong : i-0

Néu Sn c6 gi6i han hitu han I khi n — o0 sao cho max{ Ali } — 0véi Alila do dai
cung AiAi,; va khong phu thudc vao cach chia cung doan AiAi.; va cach chon cac
Mi, thi I dugc goi 1a tich phan duong loai 2 cua f(M) trén cung AB va dugc ky hi¢u
la:

[Pz, y)d= + Q(x, y)dy

iE

11

[P )de+ Qe.y)dy = fim > PG 4, + QG 74
il

.2 pihty

Néu cac ham P(x,y) , Q(x,y) lién tuc trong mot mién mé chira cung AB tron ting
jpdx +1dy
khuc thi tich phan duong loai 2 A& lubn ton tai.

| 3. Tinh chit

a). Do khi d6i hudng cung 4B thanh BA thi trong tong tich phan cac AXi = X j+1— Xi ,
Ayi =yis1 —yi dugc thay bang - Axi , -Ayi nén tich phan duong loai 2 bi doi dau. Ta
co:
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Ide +Qdy = - Ide + Qdy

AE AE
Do d6 khi duong 1y tich phan 1a duong cong kin C, ta quy uwéc hudéng duong trén C
la hudng ma khi di doc trén C thi mién bi chan boi C nam phia bén trai. Hudng nguoc

lai la hudng am. Tich phan theo hudng duong dugc ky hiéu la :

dex +Qdy hay dex + Qdy
C C

Hudng -

(hinh 2.1)

b). Néu P(x,y), Q(x,y) kha tich trén cung £B | va cung £B duoc chia thanh 2 cung
AC CBthip, Q cling kha tich trén 2 cung d6, vataco:

diz + Qdx = [pdx + Qdy + [pdx + Qd
;Lp J{l;p iy C{p iy

| thirc tinh tich phan [wong loai 2 trén miit phing

a). Cung AB cé phwong trinh tham sb :

Cho ham s6 P(x,y), Q(x,y) lién tuc trong mién mé D chira cung tron £B . Cung 4B ¢
phuong trinh tham sb : x=x(t) , y = y(t) , a< t < b, t=ang voi diém A va t = b ing véi

diém B.

[pdz +Qdx

Tir dinh nghia c6 thé coi tich phan 4 |4 tong cua 2 tich phan riéng biét
(gi6i han cua 2 tich phan) sau:

n-1

[Pl vy = lim > Plxy.y,)lm,
Tl
AR

n-l _
JQ(X,F)dF =n]j—-t}1-}-u:\ ZQ(Ki’Fi)&Fi
Fy
AR
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Chia[a,b] thanh n doan boi cac diém :a=to<t; <...... <tn=b . Khi d6 cung AB
dugc chia twong tng thanh n cung boi cac diem Ak(x(tk), y(tk)), k=0,1,2....,n. Theo

dinh ly Lagrange ta ¢6 : ™ = (ti: B d thoa:

Ay = myy % = () —x() =2 ()AL

Lay diém gitta Mk(x(tk), y(tk)) thi c6 :
n-l _ _ _
[Plxodx = lim > p(x). » € E).2
ih il

&
= J‘pr:x(z),yr:z} x' (2

b
JQ(K,F)dY = [ Q) vty (et

Tuong tu cd: ~E

Nhu vay cong thire tinh tich phan duong loai 2 dugc tinh thong qua tich phan xac
dinh:

h
[t 7)dx+ Q. 3)dy = (o) y )"t + Qa(t), ey
.;"‘.B L

Néu cung £E ¢o phuong trinh y=y(x), a< t < b thita c¢6

b
[Pl + Qx.y)dy = [lpt, () + Qx. )y ()l
AR a

Chii y : Cac cong thirc trén van diing khi cung £E tron timg khuc.

‘ 5. Bai toan co hoc dén téi tich phin [wong

Xét bai toan tim cong do luc Fey)=Pay) +Q&Y) | gnhra doc theo cung 4B
F AR

Néu Iyc F khong dbi thi cong duge biétla: ™ =

Trong truong hop tong quét, chia cung £B boi cac diém A =Ao <A;<...... <An=

B. Trén mdi cung AiAi Iéy mot diém Mi (%, 73) tayy, véii=1,2,...,n. Néu cung

AiAi.; kha bé thi ¢6 thé xdp xi 1a doan thing AiAis valuc T 13 khong ddi xdp xi
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boi T @) ki do cong sinh ratrén cung AiAi. dugc xap xi boi

FOL) A8 Khi d6, co: AiAln = AXi 1+ Ayi.d va B(Mi) . AiAis = Py)
AXi + Q(x,y).Ayi

Va nhu vy cong sinh ra trén cung AB dugc xap xi boi tong :
-1 o -
W D> P yaddes + QL v Ay
-y}

Néu Sn c6 gidi han hitu han I khi n — oo sao cho max{ Ali } — 0véi Alila d6 dai
cung AiAi.; va khong phu thudc vao cach chia cung doan AiAi.; va cach chon cac Mi,
thi I dugc goi 1a tich phan duong loai 2 cua f(M) trén cung AB va dugc ky higu la:

W= Ipix,y)dx +Qlx, y)dy
AR

V& phai chinh 1a tong tich phan dudng loai 2 ctia cac ham s P(x,y), Q(x,y) doc theo
cung AB. Quagidi han ta dugc :

W= [ Pix,yidx +Qix, ) dy

AR
Tir bai toan nay tich phan dudng loai 2 con goi 1a tich phan cong du rang con nhiéu
bai toan thyc t€ cling dan tdi viéc tim gidgi han va dan tgi viée tinh tich phan duong
|oai 2.

| 6. Mot s6 thi du tich phan [wong loai 2

I= J-dex +ayrdy
Thi du 1: Tinh tich phan duong loai 2 : £B véi A(0,0), B(1,1). Cung
AB la duong:
a). Poan thang AB ¢6 phuong trinh y =x, 0 < x < 1.

b). Puong Parabol y = x%

a).V6iAB:y=x,0<x<1thi:

1
Ixzdx +xydy = J‘(xg +xNdx = %

AR
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2 (x + 2y)dx + ydy

Thi du 2: Tinh -1 (x +3)°

Theo duong khong cit duong thang x+y =0 , ta co:

J= e (x+3r)2 a (= +§.r:|3
_ @ (x+2y) dp
8y (= +y)® 3y

E=3[ ¥ ]_ - 2y

=+ 2 +2 s
(= + 1 (¥ + 3"

E
)
Vay theo goi y trén ta co:

b). Néu P, Q thoa dinh 1y 1, va néu tim duoc ham U théa dU = Pdx + Qdy thi
taco:

J?dx +Qdy = U(B) - U(A)
LR

That vay , gia st cung AB c6 phuong trinh : x=x(t), y=y(t), a< t < b. Khi 4y ta
co:

h

J?dx +Qdy = I[P(X(t)),y(t))X'(t) + Q). y (1) y' (1) ] db
AR 1

P dx
_ I[E]dt = T(b)-Tla) = U(B)- U4)
[3.1)
I= deff + ydx
Thi du 3: Tinh {12

Tanhan thdy : xdy + ydx = dxy. Véy theo nhan xét trén ta c6:

I=xv|j3) = 3-2=1
I=ciu:de+de
X2+F2

Thi du 4: Tinh (3.41
Taco:

2 2
SEREEN R
Xty 2 % +y 2
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